Interactions between glaciers and the ocean are key for understanding the dynamics of the cryosphere in the climate system. Here we investigate the role of hydrostatic forces in glacier calving. We develop a mathematical model to account for the elastic deformation of glaciers in response to three effects: (i) marine and lake-terminating glaciers tend to enter water with a nonzero slope, resulting in upward flexure around the grounding line; (ii) horizontal pressure imbalances at the terminus are known to cause hydrostatic in-plane stresses and downward acting torque; (iii) submerged ice protrusions at the glacier front may induce additional buoyancy forces that can cause calving. Our model provides theoretical estimates of the importance of each effect and suggests geometric and material conditions under which a given glacier will calve from hydrostatic flexure. We find good agreement with observations. This work sheds light on the intricate processes involved in glacier calving and can be hoped to improve our ability to model and predict future changes in the ice-climate system.
Introduction
The accelerated disintegration of Antarctic ice shelves and the retreat of glaciers in all regions of the cryosphere are among the most consequential manifestations of a changing global climate [Rignot et al., 2011 [Rignot et al., , 2013 Paolo et al., 2015] . Rising sea levels, increased ocean temperatures, changing surface albedo, and other positive feedback effects are expected to further increase the rates of melting and decay in the cryosphere [e.g., Joughin et al., 2014; Mouginot et al., 2015] . Interactions between glacier termini or ice shelf fronts and the ocean are therefore regarded as key processes in the dynamics of the cryospheric climate system: the presence or absence of a buttressing ice shelf can determine the stability of vast ice sheets [Dupont and Alley, 2005; Gudmundsson, 2013] , and the oceanic conditions at glacier termini are believed to be among the leading factors in setting glacier flow velocities and calving rates [Holt et al., 2013; Wouters et al., 2015] . Here we examine the role that elastic flexure plays in the calving of floating glacier termini. While the majority of recent modeling studies focus on the appearance and propagation of crevasses as the glacier termini (or ice shelves) advance [e.g., Nick et al., 2010; Cook et al., 2012; Bassis and Jacobs, 2013] , we revisit the role of purely elastic bending stresses due to hydrostatic imbalances. Building on previous theoretical work by Reeh [1968] and Vaughan [1995] , we consider an idealized representation of the glacier-bedrock-ocean system, in order to maintain a level of simplicity that will yield new insight into the governing physical processes.
The motivation for this work is twofold. First, recent observational results suggest an important role of buoyant flexure in glacier calving under certain conditions [Benn et al., 2007; Boyce et al., 2007; James et al., 2014; Murray et al., 2015a] . In particular, a glacier on a sloped bed will experience an isostacy-driven upward deflection as it enters the water [e.g., Sayag and Worster, 2013] .
Second, recent work on the breakup of icebergs due to hydrostatic stresses from a submerged ice foot (the "footloose" mechanism) [Scambos et al., 2008; Wagner et al., 2014] prompts the question of whether a similar mechanism might operate at floating glacier fronts. Glaciers terminating in temperate waters are frequently found to feature such underwater feet. The warmer water near the surface leads to higher melting rates in that region, resulting in submerged ice projecting beyond the subaerial face [Wright and Haynes, 1892; Savage, 2001; Stern et al., 2015] . This effect is expedited by thermal erosion at the water line, which creates a notch in the glacier front [Röhl, 2006] , leading to an unsupported overburden that eventually collapses [Benn et al., 2007, their Figure 9 ], leaving behind a submerged foot. Ice blocks have been found to surface 500 m from the terminus of LeConte Glacier in Alaska [Motyka, 1997] , and submarine ice feet were recently observed to extend to similar distances at lake-terminating glaciers in New Zealand [Robertson et al., 2012 ].
Greenland's glaciers are often fast flowing and terminate in deep fjords characterized by cold surface water with warmer water at depth [cf. Straneo et al., 2011] . A submerged ice foot as described above then seems unlikely to form. However, observational evidence shows that glacier fronts are irregularly shaped, featuring undercutting near the base but also protrusions out from the calving face Fried et al., 2015] (see also section 3). Since any submerged ice projecting beyond the calving face of the glacier causes an imbalance of buoyancy and weight away from isostasy, irrespective of its shape, we use the general term "protrusion" (rather than "foot") to refer to such ice.
Theoretical Model of Buoyant Flexure
We consider a purely elastic model, which presents a good approximation when the glacier advance-calving cycle occurs on time scales that are much shorter than those of viscous creep. Sayag and Worster [2013] estimate the viscous bending time scale of ice sheets to be broadly 0.15 < b < 21 years. This range suggests that the elastic behavior should dominate viscosity for processes that occur on a time scale faster than 1-2 months. Calving at Helheim Glacier, for example, as documented by James et al. [2014] , occurs over at most 4 weeks, and the calving event itself is rapid, which suggests that elastic effects have an important, if not dominant, effect.
To facilitate theoretical progress, we make a number of simplifying assumptions: the glacier is represented as a one-dimensional elastic beam of uniform thickness h and constant material properties (elastic modulus, E, Poisson ratio, , and density, i ). Corrections to this model due to the finite thickness of the beam can be found in powers of ∼(h∕l) 2 , where l is the length of the beam [Timoshenko and Goodier, 1970] . Here, l is the length of the floating glacier tongue. Ratios of h∕l ≈3 are appropriate to the observational examples discussed below, suggesting that the assumption of a thin beam may introduce errors <10%. However, confirming this remains a topic for further work. We ignore any nonuniformity of the system in the direction parallel to the grounding line, as well as vertical or horizontal nonuniformities in the ice (such as cracks, crevasses, or firn). The stress thresholds discussed below should therefore be interpreted as upper bounds on the calving stresses for a given material. We further consider only static mean stresses and will ignore tidal or wave effects, which have been studied in some detail in the past [e.g., Vaughan, 1995; Schmeltz et al., 2002; Sergienko, 2010; Sayag and Worster, 2013] .
Two purely elastic models of floating glacier tongues have previously been considered: a "fixed-stiff" model [Vaughan, 1995] and the slightly more comprehensive "free-soft" model [Sayag and Worster, 2011] . Here the terms "fixed" and "free" refer to whether the grounding line position is seen as given (fixed) or computed as part of the solution (free). "Stiff" and "soft," on the other hand, refer to bedrock of infinite or finite stiffness, respectively. We will briefly revisit these two approaches and then introduce a new model, built on the previous ones, which allows us to consider the combined role that buoyancy-induced stresses play in glacier calving.
Fixed-Stiff and Free-Soft Elastic Models
The standard fixed-stiff model considers an elastic beam that is freely floating on water at one end and pinned to bedrock at the grounding line. Nevertheless, the shape of the elastic beam, w(x), is not known and must be solved from the floating beam equation [Holdsworth, 1969; Vaughan, 1995] 
where B is the bending stiffness of the "ice beam," defined as B = Eh 3 ∕12(1− 2 ), w is the density of water, and g is the gravitational acceleration. Q(x) is an additional force term that usually represents tidal forcing and is therefore often considered to also vary with time. For a free-floating beam Q = 0 and the boundary conditions at the glacier terminus, x t , are given by w ′′ (x t ) = w ′′′ (x t )=0. In the presence of an underwater protrusion or undercut, Q will be nonzero and the boundary conditions need to be adjusted accordingly (see below).
The fixed-stiff model was conceived to study the tidal response of long ice shelves [Vaughan, 1995] . In that case, the beam can be presumed to rest on flat bedrock up to the fixed grounding point, x g , giving boundary conditions w ′ (x g ) = 0 and w(x g ) = w ∞ . Here w ∞ is the distance between the centerline in isostatic equilibrium and sea level, defined as
To study the role that hydrostatic flexure plays in calving, it is necessary to account for the slope of the bedrock near the grounding point (Figure 1 ). Assuming this slope, S, is approximately constant at some angle to the horizontal, S = tan , the centerline of the grounded part of the glacier is given by w g (x) = h∕2 − Sx; the boundary conditions at the grounding point then become w(x g ) = h∕2 − Sx g and w ′ (x g ) = −S. In this case, the grounding point itself can be found by imposing an additional "ungrounding condition" from the continuity of the bending moment: w ′′ (x g ) = 0. This assumes no adhesion between ice and bedrock [Landau and Lifshitz, 1986; Wagner, 2013] .
At the glacier front, the horizontal pressure from the ice is balanced by that of the water only at the bottom of the ice. The unbalanced pressure due to the freeboard (part above the waterline) leads to a net in-plane stress and nonzero torque at x t ( Figure 1b ) [Reeh, 1968; Sergienko, 2010] . In the present framework, this leads to an additional term, −Tw ′′ (x), on the right-hand side of (1), in which T is the constant in-plane tension, computed by integrating the net horizontal pressure at x t over the beam thickness. Neglecting terms of order (w
, with w t ≡ w(x t ) −w ∞ [Reeh, 1968] . Similarly, the moment at x t is given by M= 1 12 w gd
. Note that both T and M depend on the deflection of the end, w t , and are therefore not known a priori. Elastic "thin beam" glacier models commonly neglect this imbalance at Solutions for a glacier entering water on a sloped bed (S = 0.17, ≃9.6 ∘ ). (a) Glacier profiles W(X) in the limit = 0, for L = 3.3 (solid red) and L = 7.7 (dashed red). The grounding point is marked by the red dot. The dashed black curve indicates the analytic solution (4). Inset: scaled stresses (X)∕ * , corresponding to the profiles in the main figure. (b) Blue curves are analogous to red curves in 2a but for the full model (2), with H = 1.65 (corresponding to the parameters in B07). The green curve illustrates the effect of a submerged protrusion pushing up at the terminus (L f = 0.07∕D). (c) Regime diagram of calving: the black curve shows the critical length of a floating tongue, L c ( y ∕ * ), in the limit of thin glaciers and small slopes, where = 0. The purple curve gives L c for the full model (2), with S = 0.17 and H = 1.65. The half-hatched area gives the parameter space in which the downward deflection of the glacier front outweighs the upward buoyancy, resulting in a grounded terminus. For ∕ * > e − ∕4 , the glacier yield strength is too high for calving to occur, regardless of L (cross hatched). The purple, continuously shaded area shows the regime in which a stable floating tongue is possible. Red and blue arrows illustrate the critical yield strengths for calving lengths from Figure 4 , L 1 and L 2 , respectively. the glacier front [Vaughan, 1995; Sayag and Worster, 2011] . Here, however, we find that the resulting stresses are comparable to those from the other buoyancy forces (see below), and so we retain this effect in the present model. [2011] consider a free-soft model, accounting for nonzero slope as well as a finite stiffness in the bed. For the present purposes we take the deformation of the bed to be negligible, assuming that the elastic bending of the ice is energetically cheap, relative to that of the bedrock. We therefore consider a "free-stiff" glacier model that allows for the glacier to enter the water at a nonzero angle, considers the in-plane stress due to the unbalanced freeboard, and treats the grounding point as a free boundary.
Sayag and Worster

Governing Equations
The problem can be conveniently rescaled using the system's buoyancy length w = (B∕ w g) 1∕4 [Vaughan, 1995; Wagner and Vella, 2011] . We define X = x∕ w , L = l∕ w , H = h∕ w and the dimensionless draft of the glacier D = d∕ w = ( i ∕ w )H. To simplify notation, we further take W = (w − w ∞ )∕ w , with w ∞ ≡ h∕2 − d, as above, and with the exception W t = w t ∕ w . Equation (1) can then be written in dimensionless form as
where = 2 w T∕B is the dimensionless (hydrostatic) compressive stress in the beam. Assuming X t is known, six boundary conditions are required to solve (2), with unknown parameters X g and . These boundary conditions are given by
The expressions for a and b are readily derived from those above for the tension and moment, T and M, applied by the hydrostatic pressure on the end. For unknown X t , a further condition is required to ensure that the length of the glacier is fixed, namely,
dX, where the length of the beam, L b , is given. Equation (2), subject to boundary conditions (3), can be solved numerically using software packages such as Mathematica. To study the bending effect from the sloped bed alone, the horizontal pressure imbalance at X t is assumed small ( ≈ 0), in which case (2) reduces to the dimensionless form of (1). This solution is approached in the limits of sufficiently large bed slope, S, or sufficiently small thickness, H. Example deflection and stress profiles for the reduced model (1) are shown in Figure 2a . The analogous solutions for the full model (2) are shown in Figure 2b . The figure also illustrates the beam deflection in the limit X t → ∞ (see section 2.4), and the role a submerged protrusion can play (section 2.5).
Calving Criterion for Given Slope and Thickness
From elastic beam theory, the largest bending stress at any given point X occurs at the beam surfaces z = ±h∕2. We have (X) = (Y∕ w )|W ′′ (X)|, where Y = Eh∕2(1− 2 ) is the stretching stiffness of the beam [Mansfield, 2005] . For given beam thickness, a natural stress scale exists: * = YS∕ w , allowing us to plot the dimensionless stress profile (X)∕ * (Figure 2, insets) . is maximized at some X = X max ; we define (X max ) ≡ max . We find that max initially increases with increasing X t , until it settles on a constant value in the limit X t ≫ 1. In this limit, max can be computed analytically (section 2.4); however, for the general solution of the system (2) and (3), max has to be found numerically. Assuming that the beam can be characterized by a uniform and constant yield stress, y , fracture will occur if max > y : the beam will break when the maximum stress, max , surpasses the material strength y . Since max increases with X t , max first reaches y at a critical calving length, L c , of the glacier tongue. Figure 2c shows the computed dependence of L c ( y ∕ * ) for the full model (purple) with S = 0.17 and H=1.65, (corresponding to observed values at Mendelhall Glacier, Boyce et al. [2007] ) and for the limit = 0 (black). The latter solution is independent of both S and H.
Limit of Long Tongues, x t ≫ w (X t ≫ 1)
To gain further insight into the flexural effect of a long floating tongue (with X t ≫1) entering water at an angle, we consider the limit = 0 and approximate the last two conditions in (3) by W ′′ (∞) = W ′′′ (∞) = 0. The solution to (1) then takes the form with X g = D∕S − √ 2. This means that the grounding point is located "upstream" of the point of isostacy,
2S, implying that the glacier is lifted up with respect to its isostatic height by an amount proportional to the slope of the bed.
From (4) it is readily shown that the maximum stress occurs at X( max ) = X g + ∕2
√
2. This is consistent with the result in Wagner et al. [2014] , where it was shown that the maximum stress in a floating beam subject to a point force is found at a dimensionless distance ∕2 √ 2 from the locus of the force. The corresponding maximum stress is max = YSe − ∕4 ∕ w , or max ∕ * = e − ∕4 . As a result, we expect that if y ∕ * > e − ∕4 , the beam will not break from flexure, regardless of its length (Figure 2c ). Dimensionally, we obtain the fracture criterion
which is analogous to fracture criteria previously derived, for example, for rafted sea ice floes [cf. Parmerter, 1975; Vella and Wettlaufer, 2008] .
Equation (5) can be rewritten to give a critical bedrock inclination, S c , at which calving will occur for given material parameters: We find that the glacier will only calve if S>S c ≈ 4.39(1 − 2 )( y ∕E)( w ∕h). Standard material parameter values for glacial ice are y ∼ 10 5 -10 6 Pa and E ∼10 8 -10 10 Pa [Schulson, 1999] , giving y ∕E∼10 −5 -10 −2 . The fact that these estimates span 3 orders of magnitude illustrates the large variations in glacial ice strength. This is due to a number of factors, most prominently the degree of crevassing which is highly variable not only between glaciers but also within a single glacier [cf. Murray et al., 2015a] . As an upper bound for very strong and flexible ice ( y = 10 6 , E = 10 8 ), we find that the glacier can calve due to flexural stresses if S ≳ 0.04 w ∕h. For E = 10 8 Pa we find that a glacier like the lake-terminating Mendelhall Glacier, with h = 75 m [Boyce et al., 2007] , has w = 139 m and the much thicker Helheim Glacier, with h = 740 m [James et al., 2014] , has w = 778 m. This means that flexural stresses alone are sufficient to cause calving if S(Mendenhall) ≳ 0.07 and S(Helheim) ≳ 0.04. From the bathymetry of Mendenhall Lake [Boyce et al., 2007] one finds S ≃ 0.08, which suggests that the resulting flexural stresses are sufficient for calving. For Helheim Glacier, we estimate S ≃ 0.01-0.03 [James et al., 2014] , which is 10.1002/2015GL067247 slightly lower than the calving limit S c = 0.04. However, using the value y = 10 5 Pa, taken from Bassis and Jacobs [2013] , gives S c (Helheim) = 0.007, in which case the measured slopes would be more than sufficient to cause calving.
In the limit of small S, the bending stresses in the glacier will become less important and other decay mechanisms, such as thermal erosion and strain thinning will dominate the conditions near the glacier front [Dupont and Alley, 2005; Benn et al., 2007] . This is also the case for thin glaciers, since S c ∝ h −1∕4 : an increasingly steep bed is required to cause calving from hydrostatic forces as h becomes small, so in practice other mechanisms must take over.
Effects of an Underwater Protrusion
Above we argued that the glacier's elastic deformation from sloped bedrock alone may induce calving. In what follows, we show how the elastic stresses can be amplified by the presence of submerged ice projecting beyond the subaerial glacier front. The effect of such a protrusion, exerting an upward shear force Q t at the glacier terminus can be accounted for by changing the final condition in (3) to W ′′′ (X t )=Q t , where Q t is proportional to the protrusion's cross-sectional area [Wagner et al., 2014] . We assume here that the protrusion can be approximated by a rectangular shape (Figure 1c ), so that Q t = L f D, where L f is the dimensionless distance of projection. This simplifies the interpretation of Q t , but for more realistic shapes it is the value of Q t that matters. For finite X t , the emergence of a protrusion can either increase the stress maximum near the grounding point or, for sufficiently long X t , induce a second stress maximum close to the glacier terminus (Figure 2b , inset). In the limit X t ≫ 1 and setting = 0, the deformation near the terminus reduces to that of a free-floating iceberg, discussed in Wagner et al. [2014] , and the deformation near the grounding line reduces to (4).
Note that the model can also capture the flexural response of the glacier due to undercutting, in which case a downward force, −Q t , proportional to the cross-sectional area of the undercut, acts at the terminus.
Comparison to Observed Glacier Profiles
Figures 3 and 4 show comparisons between previously reported observational data from James et al. [2014] (henceforth J14) and Boyce et al. [2007] (henceforth B07) and the theoretical solutions derived in section 2. The glacier and bed profile data has been rescaled by w to be presented in dimensionless variables W and X, with w = 445 m and 42 m, for J14 and B07, respectively. These values of w are computed using elastic moduli that were chosen to give the best visual match between observational and theoretical profiles (E = 10 7 Pa for J14 and E = 10 6 Pa for B07). Figure 3a shows the J14 data curve from 11 July 2010 (solid red), featuring a pronounced upward turning profile (or "rampart-moat" profile [Scambos et al., 2005] ). The terminus detail shown in Figure 3b additionally gives the J14 profile from 7 August 2011 (dashed red), which exhibits a monotonic downward slope toward the terminus. This downward turning profile agrees well with a theoretical profile that features no underwater protrusion (blue dashed). However, to understand the upward turning profile observed on 11 July 2010 requires a protrusion to be incorporated in the model (solid blue). The fitted buoyancy force exerted by the protrusion is L f D = 0.043, which corresponds to an average projecting length l f = 13 m.
Time-lapse imagery of a calving event at Helheim Glacier indicates a protrusion in the upper submerged part of the overturning iceberg that calves off the glacier. Three annotated frames are provided in the supporting information (SI), showing a protrusion akin to the schematic in Figure 1c ; a video of the event is provided in J14 (their SI). As expected, the deepest parts of this iceberg also show evidence of undercutting, complicating the relatively idealized analysis presented here.
While the origin of submerged protrusions for glaciers flowing into warmer waters is readily explained (see section 1), the cause of a protrusion at Helheim Glacier is less certain. In particular, the oceanographic conditions at Helheim do not support the type of thermal erosion that is known to lead to the footloose mechanism. The presence of a perennial ice mélange would preclude the creation of a notch in the glacier front, which is known to expedite the erosion of the freeboard and lead to a protrusion. Furthermore, water column observations of Helheim Fjord have shown a persistent warm layer of Atlantic water at depth [Straneo et al., 2011] , which supports the idea of enhanced undercutting. Nevertheless, the growth of a moderately sized submarine protrusion is plausible for several reasons: air temperatures in July around Helheim are significantly above melting: the weather station in Tasiilaq reported an average air temperature of 7.4 ∘ C for July 2011 (Danish Meteorological Institute, 2011) . This, together with observed rainfall of 100 mm in July-August 2011, may have led to enhanced freeboard erosion at the terminus. In general, frequent gravity-driven small-magnitude freeboard calving is often observed in glaciers, compared to less frequent but larger-scale submarine calving [Warren et al., 1995; Glowacki et al., 2015] .
Figure 4 presents a comparison between observational surface profile data of Mendenhall Glacier from B07 (red) and two theoretical fits: one without a protrusion (dashed blue) and one with a protrusion (solid blue), the latter of which matches the observational profile more closely.
The agreement between our theory and the observations from J14 and B07 is subject to a number of conditions: (i) The value of the Young's Modulus, E, and the buoyant cross-section of the hypothesized protrusion, L f D, have been fitted to give the best visual match with observations; (ii) the theoretical, constant, bed slopes present rough and idealized estimates (S = 0.015 for J14 and S = 0.17 for B07, based on the data shown in these studies); (iii) there exist substantial nonuniformities along the glacier fronts, and for both Mendenhall and Helheim Glacier, the front is only partially ungrounded; (iv) we do not account for the likely important role that basal crevasses play in determining the strength of the glacier and the point of fracture [cf. Murray et al., 2015a Murray et al., , 2015b ; and (v) the large uncertainties in the bed data, discussed in J14 and evidenced by the disparate measurements shown in Figure 3a , present a further complication: instead of a steadily sloped bed, the glacier might encounter a pinning point (e.g., in the form of retrograde bed slope) or an abrupt deepening in bathymetry.
A more comprehensive assessment of the theory developed above is made difficult by the scarcity of observational data. Frontal profiles of glaciers calving into warmer waters, together with basal topography, could provide particularly valuable insight and a quantitative test of our theory without the fitting that has been necessary here. In the case of Mendenhall Glacier, two further processes might be expected to play a significant role in setting the hydrostatic balance: the observed rapid thinning of the lower glacier, which can reach rates in excess of 2 m/yr [Motyka et al., 2002] and fluctuations in lake level (discussed in B07). Note that in our (quasi-static) theoretical framework, a rise in lake level is equivalent to the glacier advancing into correspondingly deeper waters and does not change our results quantitatively. Figure 2c illustrates how two possible critical calving lengths for the B07 profile (L 1 and L 2 in Figure 4 ) correspond to the nominal yield stress, y ∕ * . In general, this relation can be used to give theoretical estimates of either the yield stress (for known l at calving) or the likely location of calving (for known y ).
Conclusion
We have shown how the flexure imposed by a glacier entering water at an angle leads to an upward deflection of the glacier front and tensile stresses at its base. These effects can be amplified by a submerged protrusion at the glacier front. Warm air or surface water conditions may cause the freeboard at the glacier front to erode more quickly than the submerged ice, resulting in a steadily growing protrusion that leads to additional flexure and basal tensile stress. When a critical stress level is reached, the glacier will calve not far from the grounding line, leaving behind a vertical face and a monotonic surface profile. Over time, the flow of the glacier will produce another floating section, and the differential melt at the face will lead to the regrowth of the underwater protrusion-the calving cycle repeats itself.
